Abstract. We consider the cosmological models based on Palatini f (R)-theory for the func-
matter equations of state (EoS), which are already on their own nature an approximation, from a cosmological scale down to a galactic scale is bravery, even not mentioning of the lack of knowledge behind the fact we do not know an elementary counterpart for dark matter.
Of course, the same bravery is needed in trying to extend the same dynamics from human scale up to cosmology, not to mention down to the quantum world. Add that often most observations rely on a gravitational model for interpretation and that such an interpretation is often quite fragile with respect to modification of assumptions about geometry of spacetime. We have to admit that, beside raw data, we do not know much for sure and currently any study is partial to be optimistic.
Among modifications of gravitational dynamics, we shall here consider a particular class, namely the extended theories of gravitation (see [12] , [13] , [14] ). In extended theories of gravitation, one has a Weyl geometry on spacetime, i.e. (M, g,Γ), instead of the usual Lorentzian metric structure. The (torsionless) connectionΓ is a priori independent of the metric g. While the connection describes the free fall of test particles (and light rays) in gravitational field, the metric g is chosen to simplify the gravity-matter coupling and (consequently) to account for atomic clocks and, in turn, our protocols for measuring distances.
The dynamics is chosen so that the metric and the connection, a priori independent, turn out to be a posteriori, i.e. as a consequence of field equations, EPS-compatible, which means there exists a 1-form A = A dx such that
This framework is theoretically inspired and motivated by a work on foundations of gravitational physics by Ehlers-Pirani-Schild (EPS); see [15] . The application to extended theories is described in [16] , [13] , [14] .
In an extended gravitational theory, one has modifications of dynamics which can equivalently be seen as effective sources. Extended theories also contain standard GR, with or without cosmological constant, as a special (quite degenerate) cases.
A class of dynamics which are automatically extended theories of gravitation are Palatini f (R)-theories (see below and [17] ), in which, not only field equations imply EPS-compatibility, but they also imply that A is closed or, equivalently, thatΓ is metric, i.e.Γ = {g} for a metric g which is conformal to g. Being g andg conformal, they define the same pointwise causal structure, the same light cones, the same light-like geodesics. However, they define different timelike geodesics so that it is important to declare thatg, and not g, defines the free fall of test particles. Also, being conformal, the g-length of aΓ-parallelly transported vector is not preserved, though at least it depends on the point only, not on the curve along which is parallelly transported.
In this simpler case of two conformal metrics, the extra (kinematical) freedom one has with respect to standard GR is encoded in the conformal factor ϕ, a scalar (real, positive) field such thatg = ϕ · g. We have to stress, however, that, in view of the specific form of the action functional in Palatini f (R)-theories, all these objects are not dynamically independent. For example, once we know the fieldg, then the conformal factor ϕ as well as the metric g are uniquely determined as function ofg and its derivatives (up to order two). They are not extra physical degrees of freedom, for example in the sense that one cannot "excite" one without exciting the other. The dynamics of ϕ and g (org) are uniquely determined once the dynamics ofg (or g) is given, as it usually happens to Lagrangian multipliers. The metric g shares with Lagrangian multipliers the fact that it enters the gravitational Lagrangian with no derivatives (so, in a sense, its field equations are algebraic).
Consequently, finding a solution in a Palatini f (R)-theory actually means determining allg, the conformal factor ϕ, as well as the original metric g. Of course, one could recast the action functional in terms of purely g org, though at the price of making the matter-gravity coupling more complicated and messing up with the interpretation of the theory which is instead clear: times and distances are measured with g, free fall withg.
The main aim of this paper is to discuss the application of a specific model of a Palatini f (R)-theory to cosmology. We discuss how the interpretation of the gravitational physics is extended from a Lorentzian metric geometry, to the more general Weyl conformal geometry and down to how observations are interpreted in this more general setting (see [18] ), which though contains the standard GR case as a special case, as we said. If one does not like the model on a physical stance, one can regard this paper of a proposal for setting a rigorous standard for interpretation of observations in cosmology as well as an example of how a model should be discarded from an observational stance. As a matter of fact, Palatini f (R)-theories candidate naturally at least as a setting for understanding tests of GR in a wider context, something which was originally done with Brans-Dicke theories for historical reasons (see [19] ) while we are suggesting it should be done in extended gravity.
Notation
We hereafter consider a cosmological model with a dynamics based on a Palatini framework, i.e. fundamental fields (g µν ,Γ α βµ ) and an action functional
where ψ denotes matter fields and √ gdσ is the volume element induced by the metric g. The quantity √ g is the usual square root of the absolute value of the determinant of the metric tensor. The function f (R) is here chosen as
where we set R := g µνR µν andR µν is the Ricci tensor of the (torsionless) connectionΓ. Of course, one could argue that, because of the form of the action functional, this model is certainly non-renormalisable and that the Minkowski metric is not even a solution. Of course, these are true also for standard GR with a cosmological term. It may be that the model is not well suited for quantum gravity. However, on one hand, we do not know what quantum gravity will eventually be precisely or whether it will require renormalisable theories or it will rather be non-perturbative in nature. On the other hand, we are here discussing a classical model, which unfortunately has nothing to do (observationally speaking) with the quantum regime. And there are many ways a classical model with a singular Lagrangian can well behave, especially if the standard for well-behaviour is what happens in standard GR, in which singularities are already bound to appear generically. Kepler motion in a plane is another example of a singular Lagrangian which is accepted to describe a well-behaving (mechanical) system, in which the conservation of angular momentum prevents, most of the times, the system to get to the singularity.
As far as the fact that Minkowski is not even a solution, the identification of Minkowski, and only Minkowski spacetime, as the vacuum state of gravitational field is already quite dubious at a fundamental level. A theory involving a metric field has no canonical vacuum just because metrics do not carry a linear (or affine) structure. Metric theories are different from all other fundamental field theories. Already standard GR is a peculiar field theory in which one should learn to live without many of the structures used in field theories in Special Relativity (SR). For example, in GR one has no linear structure for configurations, generically no Killing vectors, no fixed background.
In what follows, we shall assume that the connectionΓ is responsible for free fall. Particles will follow geodesic trajectories ofΓ. The metric g is related to distances on spacetime and its causal structures, e.g. the light cones. For example, a freely falling atomic clock will follow a timelike geodesics worldline with respect tog, though the parameterisation is chosen to be proper with respect to g. Of course, the difference is expected to be tiny, though we have to keep in mind that we wish then to discuss objects going around for 3 · 10 17 s, with plenty of time to grow the tiny difference until it may become appreciated. Extrapolation at scales by many order of magnitudes requires good definitions and possibly no mathematical approximations.
If experience still eventually points in favour of standard GR dynamics we shall have obtained it without relying on unnecessary theoretical assumptions, but based on experience and a better understanding of which assumptions we rely on.
In literature, there are not many studies for Palatini f (R)-theories; see [20] , [21] and references quoted therein. This is often argued to be due to a number of issues that Palatini f (R)-theories are supposed to have which have been however confuted; see [22] , [23] . We shall not discuss here these issues since they are discussed in [24] , [25] , [13] , [26] .
Field equations for the action 2.1 are obtained by varying with respect to δg µν , δΓ α βν , and δψ i :
In general, the second is solved by defining a conformal factor ϕ = (f (R)) m−2 2 , m being the dimension of spacetime, a conformal metricg µν = ϕg µν and by showing thatΓ = {g} is thence the general solution of the second field equation (which, written in terms ofg andΓ, is actually algebraic, in fact linear, inΓ).
By tracing the first equation by means of g µν , one obtains the so-called master equation
where we set T := g µν T µν . This is also an algebraic equation in R and T which generically can be (at least locally) solved for R = R(T ), so that the curvature R along solutions can be expressed as a fixed function of the matter content T . At this point, the first field equation can be recast as Einstein equations for the metric g (or, equivalently, for the conformal metric g)
In both cases, the energy-momentum stress tensors (T µν orT µν ) need to be modified by sending to the right hand side all spurious contributions from matter (or curvature). Let us stress that alsoT µν differs from the original T µν which instead is the usual variation of the matter Lagrangian with respect to the metric δg µν . We shall not useT µν , while let us mention thatT
This is where effective dark sources come from in Palatini f (R)-theories. Whatever visible matter is, it is described by T µν , thenT µν directly gets extra contributions from the modified dynamics, i.e. from the function f (R) which hopefully, by choosing it accordingly, can be used to model dark matter and energy as effective sources. This is not the only effect in extended theories. Also the odd definition of atomic clocks (which are free falling with respect tog but proper with respect to g) produces extra accelerations in particles. These accelerations are universal, i.e. they are easily confused with an extra gravitational field acting on all test particles equally which, when reviewed in a standard GR setting, calls for other sources. Hereafter, we shall investigate the combination of these two types of effects in cosmology.
Extended cosmologies
Here we restrict to four dimensional spacetimes with a Weyl geometry (M, g, {g}). If we want to use in cosmology the extended theories described above, we need to impose cosmological principle. Of course, with two metrics, one should at least stop and think which metric should obey the cosmological principle. The good news is that (since the master equation holds) it does not matter: g is spatially homogeneous and isotropic iffg is. Only, if g is in FLRW form in coordinate (t, r, θ, φ), with a scale factor a, theng is in FLRW form in coordinate (t, r, θ, φ), with a scale factorã = √ ϕ a. The new time is defined by dt = √ ϕdt, just because the conformal factor is a function of time only. Thus one has a Friedmann equation both for a andã
which are of course defined to be equivalent. The specific form of the function Φ(a) andΦ(ã) are obtained by expanding the Einstein equations 2.5, which are in fact equivalent. As a consequence of the cosmological principle, the energy-momentum tensor T µν is in form of a perfect fluid energy-momentum tensor, namely
for some time-like, future directed, unit, comoving vector u µ . AlsoT µν can be recast in the same form (for differentρ andp), as well asT µν is a perfect fluid energy-momentum tensor usingg and a suitable unit vectorũ as well as different effective pressure and densityp and ρ.
To establish an equivalence between Einstein equations and Friedmann equation, we need conservation of the relevant energy-momentum tensors. Luckily enough, once again, if ∇ µ T µν = 0 is conserved (as it is, since it is variation of a covariant matter Lagrangian) theñ ∇ µT µν = 0 and ∇ µT µν = 0 are conserved as well. Here, ∇ µ denotes the covariant derivative with respect to g,∇ µ the covariant derivative with respect tog.
Finally, we need to state EoS for matter. This is where the game becomes odd: if you impose the EoS for visible matter, i.e. for p and ρ appearing in T µν , then the EoS forρ andp iñ T µν are uniquely determined (as well as the EoS forρ andp inT µν ). However, "simplicity" is not preserved. Even if we assume visible matter to be simply dust (i.e. we select p = 0 as EoS) then the EoS for effective matter is determined, though the effective EoS is very exotic and non-linear. Even if we regard it as a mixture of simple polytropic fluids, the decomposition is not canonical and, in any event, it contains different polytropic fluids. Again, since we wish to discuss a model at cosmological scale, it is necessary to avoid mathematical approximations in EoS and learn to live with what we have, even when it is complicated to compute.
As it is usual in cosmology, one normalises the scale factor to be unit today, i.e. a(t 0 ) = 1. Since the conformal factor is defined up to a constant factor which does not effect Christoffell symbols {g}, one can also normalise the conformal factor to be (positive and) ϕ(t 0 ) = 1, so that the conformal transformation preserves the (positivity and) normalisation of the scale factor and one has alsoã(t 0 ) = 1.
Whatever we solve of 3.1, if we have t(a), then the know the conformal factor as a function of a from the master equation, so we also haveã(a). Then we also know ϕ(a) and hencet(a), ρ(a), p(a),ρ(a),p(a) and so on. We get everything as a function of a so all quantities are known in parametric form as function of every other (and no need to invert functions other than the master equation).
For an energy-momentum tensor in the form of a perfect fluid, we have T = c −1 (3p−ρc 2 ) and, for simplicity, we set EoS for visible dust p = 0. That, in view of energy-momentum tensor conservation, is equivalent to set ρ(a) := ρ 0 a −3 .
If we fix the function 2.2, the master equation reads as
which can be solved in two branches (corresponding to the sign of R) as
If we consider a mixture of dust (p d = 0) and radiation (p r = 1 3 ρ r c 2 )
Thus we have ρ d = ρ 0 a −3 and, consequently
In case one wants different types of visible matter, though, the pressure would need to be taken into account.
All numeric quantities are in SI, units depending on dimensions of the quantity.
Here we shall show result for values:
while β cannot be constrained by the SNIa fit since it has no effect at the scales where we can observe supernovae, unless it has a huge value (as high as 10 24 m 2 ). Hereafter we shall fix it as β = 0.25m 2 just not to simplify computations too much, in view of a non-zero value which may come from other considerations.
The conformal factor is to be chosen proportional to f (R) which is everywhere positive if we use − R(a), while + R(a) changes sign at about ρ 1 := 2.5530 · 10 41 . Thus, for the conformal factor to be positive, we need to define it in three branches
• -the branch A, with R > 0 and and ρ ∈ (ρ 1 , +∞) (thus a ∈ (0, a 1 )), where the conformal factor is defined as ϕ A := −ϕ 0 f ( + R);
• -the branch B, with R > 0 and ρ ∈ (0, ρ 1 ) (thus a ∈ (a 1 , +∞)), where the conformal factor is defined as ϕ B := ϕ 0 f ( + R);
• -the branch C, with R < 0 and ρ ∈ (0, +∞) (thus a ∈ (0, +∞)), where the conformal factor is defined as
where ϕ 0 is a constant to be chosen so that ϕ(t 0 ) = 1. Branch A corresponds to very high densities, so it happened early in the universe. We assume then to currently be on branch B at a = a 0 = 1. So we choose ϕ 0 := (f ( + R(a 0 = 1))) −1 .
The effective (mass) density and pressure arẽ
where ρ and p are the total mass density and pressure.
If
We also clearly see that effective sources are all but dust, as well as all but polytropic. By using the correct expression for ϕ and R on each branch, we can compute Friedmann equationȧ
From here on, for simplicity we shall set k = 0 everywhere. To investigate the case k = 0 one can simply use the same approach, and single out the following relations in case of a non-zero spatial curvature. However, since we know that the value of k is determined by the initial condition and the free parameters characterizing the theory, whether one wants to perform a fit, it may be not always consistent to impose k = 0. For this reason, to fit the supernovae data set we used the general relations without imposing a priori any constraint on the value of k.
In view of the transformation between the two frames induced by the conformal factor, we have
Accordingly, on each branch we can compute the function Φ(a), exactly, depending on the parameters (α, β, γ, ρ 0 ) of the theory. In 4.b in the Appendix we draw the graph of the function Φ(a) for branches A and B.
We can determine ρ 0 so that Φ(a = 1) = H 2 0 = 4.840 · 10 −36 s −2 , the value being ρ 0 = 2.7781 · 10 −28 kg · m −3 . Thus we have a 3-parameters family of extended models, all with the observed value of the Hubble parameter today.
One can solve the integral
which is a parametric representation of the evolution of the scale factor [t(a), a, a = 0 .. 1]. Maple has some difficulty in finding an analytic expression for the integral, though of course much analytic information can be extracted from the formal integral.
For realistic parameters, we get the evolution of the scale factor (light-solid), compared with ΛCDM (dash) and standard GR (dark-solid). Figure 1 . evolution of a(t) in standard GR (dark-solid), ΛCDM (dash), and dune cosmology (lightsolid). Times in seconds, a is adimensional.
The 3 models are almost identical near today (t = 0) while they differ in the past and in the future. In particular, the extended f (R) model exhibits a slightly older age for the universe (with a Universe age of about 15.35By ).
Once we solved the model, then we can obtain all other quantities as a function of a. Qualitative graphs are collected in Appendix A.
Distances in extended theories
To fit data from supernovae (SNIa), we need to know a precise definition of the luminosity distance d L , the proper distance δ, and the red-shift z of a source within our model. In particular, we need to extend the standard discussion which is based on a Lorentzian geometry to an (integrable) Weyl geometry (M, g, {g}). Again, for simplicity, we are considering here just the case k = 0, but the same approach and definitions hold also in case of non-zero spatial curvature. Thus one can find the existing exact relations between d L , δ, and z in the general case. As we noticed before, setting k = 0 could be too strong to perform a fit of cosmological data, so one should leave k free to be determined by data.
As it always happens in cosmology, one does define spatial distances as the geometric distance on the surface t = t 0 , without relying on synchronisation of clocks, which, of course, would be impractical in astrophysics since easily it would take millions (if not billions) of years for a signal to bounce back and forth from another galaxy. Any comoving observer, at its time t = t 0 , defines a surface t = t 0 , it chooses a geodesics on the surface (with respect to the metric induced on the surface by g). The proper distance δ(t 0 ) is then the length of such a (space-like) geodesics.
Watch out that the geodesic on the surface is in general not a geodesic on spacetime, as a geodesic on a sphere S 2 in R 3 is not a straight line.
The surface t = t 0 , which is here defined using the time coordinate, also can be defined in terms of the Killing algebra of isometries prescribed by the cosmological principle in an intrinsic fashion.
The proper distance is a geometric well-defined distance, though it is difficult to define a protocol to measure it directly. We use it as a benchmark to refer the luminosity distance d L and the red-shift z of a source.
In our model, light rays move along geodesics ofg which are light-like with respect to g. However, since g andg are conformal, they share the same light-like geodesics. So we can consider light-like geodesics using only the metric g. Accordingly, the red-shift is given by
where a e = a is the scale factor of g at emission, a o at observation. If we make observations today, of course we have a o = 1. The scale factorã of the metricg does not play a role in observations until we assume that atomic clocks are proper for g and not forg, though they free fall alongg-geodesics. This can also be shown in detail, directly by repeating the standard argument in a Weyl geometry; see [27] .
Similarly, the area of the sphere S 2 for t = t 0 and r = r * , measured by the metric g is exactly A = 4πa 2 (t 0 )r 2 * . Accordingly, the luminosity distance of a comoving source at r = r * observed at t = t 0 is
There is no mathematical approximation we made here, just the physical assumption that k = 0. In particular we are not restricting to near sources by using linear approximation of the Hubble law.
If one wishes not to assume k = 0, depending on the sign of k, r * is anyway a known function of the proper distance. That function depends on the dynamics of the model through the Weierstrass function, namely Φ(a; α, β, γ, ρ 0 ), so that it brings information about the model, and the function f (R) in particular.
For this reason, we can fit the parameters to obtain a best fit representation of the observed curve.
Fit supernovae Ia
Since we know that the relationship between the magnitude of a far standard electromagnetic source (e.g. Ia type supernovae) and the observed redshift is determined by the dynamics of the scale factor a(t), it is possible to use some statistical inference methods to evaluate the agreements between the theoretical prediction within our model and the experimental observations. The complexity of the modelling of both the theory and observations requires correspondingly refined statistical and data analysis skills. In fact, the measurements of the magnitude and the redshift of the SNIa must account for a strong uncertainty signal in the background (see [28] ), usually described by two nuisance unknown parameters a and b. For this reason, a Bayesian inference approach is often used in this case (but more generally in all the Cosmological measurements).
We have decided to perform the fit of our theory using the data concerning the measurement of the Ia type supernovae magnitude as a function of the observed redshift, given by the Supernovae Legacy Survey project (see [28] ). We have a clear and unambiguous relation between these physical observables and the mathematical objects in the theory, which makes this dataset particularly well suited for model-theoretic parameters fit.
The theoretical value of the magnitude m of a source as a function of z has been calculated considering the flow of power carried by the momentum-energy tensor associate to a high frequency electromagnetic wave propagating in a homogeneous and isotropic spacetime. One can notice that the explicit form of m(z) is strongly related to the dynamics of the universe so it is depending on the initial conditions (e.g. the baryonic and radiation energy density today, the Hubble parameter today) as well as the vacuum Lagrangian parameters that determine the evolution of metric tensor g.
To fit the SNIa data, we relied on the software MULTINEST (see [29] , [30] , [31] ), an efficient and robust Bayesian inference tool developed to calculate the evidence and obtaining posterior samples from distributions with (an unknown number of) multiple modes and pronounced (curving) degeneracies between parameters.
The power of the software lies in the algorithm that naturally identifies individual modes of a distribution, allowing for the evaluation of the local evidence and parameter constraints associated with each mode separately. The fit was performed asking MULTINEST to find the free parameters of the theory (α, β, γ, ...; a, b) that minimizes the χ 2 defined as following:
where:
• -z i is the measured redshift;
• -m Bi = m i + a(s − 1) + bc is the cleaned real magnitude in which: m i is the measured magnitude, s is the stretch factor, c is the colour factor, a and b are free nuisance parameters that are fixed by the fit;
• -m(z i ) is the theoretical prediction of the magnitude at given redshift;
is the error of the observations. In particular, we have that σ(m) 2 is the error related to the magnitude, σ(s) 2 and σ(c) 2 are respectively the errors of the stretch factor and color factor;
• -σ 2 int = 0.13104 the error related to the intrinsic dispersion of the real SNIa from the ideal standard candle which is part of the calibration of dataset (see [28] );
• -N = 115 is the number of observed supernovae included in the dataset.
MULTINEST is also able to provide us with the value of the χ 2 evaluated on the best fit parameters, the posteriors samples and the live points produced by the algorithm. This is very useful both for checking the right convergence to the minimum and to estimate the posterior probability distribution of our data.
Furthermore, considering the minimum value of the χ 2 , we can compare different theoretical models and determine the accuracy of the theoretical predictions.
Different cases have been studied: at first, we have considered the case in which all the parameters are fitted and then we analysed some cases in which some of them are set to a value determined by different considered scenarios.
According to the observation of the CMB, cosmological neutrinos, and galaxies, we fixed the current contribution of the radiation and the visible matter to be respectively Ω R0 = 10 −4 and Ω B0 = 0.044. Of course, strictly speaking, these predictions are model-dependent, however, they provide us with values which are certainly compatible with direct and accepted measurements of visible matter densities. Under these hypotheses, we have fitted the Lagrangian parameters α, β, γ, the Hubble parameter today H 0 and the nuisance parameters a, b for the color and stratching corrections.
The best fit Lagrangian parameters are:
The best fit Hubble and nuisance parameters are:
with a best fit reduced chi-squared of χ 2 R = 1.587, which is comparable with the value of the analogous fit with ΛCDM model; see [28] for details and the description of the techniques.
One can notice that the posterior distribution of β does not have a well localized maximum, so we have to conclude that we are not able to perform an efficient fit of that parameter from the data we considered. This is somehow expected since we know that β affects just the dynamics of the very early universe. Hence it is reasonable to ask how a theory with the constraint β = 0 fits the data.
In this case, the best fit Lagrangian parameters are:
with a best fit reduced chi-squared of χ 2 R = 1.501. Finally, we proved that the theory is still able to fit the supernovae data as well as the previous cases, even if one pretends to have a dynamics affected by the presence of cold dark matter.
According to the observations concerning the galaxy dynamics and WMAP, we know that in the ΛCDM model the contribution to the dynamics of the universe due to the baryonic and cold dark matter is about Ω M 0 = 0.27.
with a best fit reduced chi squared of χ 2 R = 1.500. For these best fit values, we can show the evolution of the scale factor a(t), see 5.c.
Conclusions and perspectives
Even if we did not believe that the model f (R) = αR − β 2 R 2 − γ 3 R −1 is a sound physical proposal, it certainly shows that Palatini f (R)-theories are potentially able to model observations without adding dark sources at a fundamental level.
With the parameters (α = 0.1157, β = 0.25m 2 , γ = 3.0637 · 10 −104 m −4 ), the model fits supernovae data as well as ΛCDM does, the value of β being not very much constrained by supernovae. However, the model has to go through many other tests to candidate as a sound physical model. One could complain for the value of α which could be expected to spoil the test in the solar system which need to be extended to Weyl geometries, anyway.
This would be particularly interesting because it poses a new standard, with respect to the traditional comparison with Brans-Dicke models, which is now much better founded on first principles, e.g. in view of EPS.
The results we obtained show that SNIa are not really able to constraint parameters in the model since more or less any assumption fits well with a slight modification of the best fit values. More tests are needed. We obtain k = 0, which may sound odd, though the classical ΛCDM result k = 0 is in fact quite model dependent.
One could also argue that one needs dark matter for non-cosmological reasons (galaxies and cluster dynamics) which are quite well established. However, one should say that to discuss galaxy models in a Palatini f (R)-theories, one should also consider the effect of conformal factor, that in these models is expected to depend on r, not (only) on cosmological t. Is that enough to fit observations without adding dark matter?
We are also planning to devote some future investigation to describe within the model, the evolution of the Hubble parameter H(z) as a function of distance (being the distance parameterised by z, a, or t). That will provide a test when the new data for Hubble drift will be available and, at least, it provides a new evidence that Palatini f (R)-theories can be, in principle, falsified by the observations.
We are currently working to split the effects in extended theories, into the component due to effective sources from the effects due to the atomic clocks being proper with respect to a metric which is not the one describing free fall of test particles. Our interpretation is well based in EPS framework, though being able to split the effects, will enable us to test this assumption by experiments.
Of course, one would need also perturbation theories, structure formation, lensing, interactions with particle models (e.g. baryogenesis), the evolutions of perturbations of CMB and many other aspects. The point is that that is the only way to falsify models on a certain basis.
Appendix A: Qualitative graphs
The system is solved as we get t(a). All other quantities can be computed as functions of a so that they all can be plotted with respect to all others in parametric form. For realistic parameters, graphs are very difficult to be analyzed since the interesting features occur at many order of magnitude away one from the other. So here we collect the graphs for the parameters values At that point one can graph all quantities as a function of all the others, for examplẽ a(t) is shown in 6.
As long as the old question of which frame is physical, if g org, the issue is simply ignored since the quantities are all physical in a sense, just some physical structures are associated to g, some tog. The issue is also meaningless since the two metrics after all are one a function of the other, so that they both are physical or unphysical in a sense. 
